In this paper, we prove the strong convergence theorem for split feasibility problem involving a uniformly asymptotically regular nonexpansive semigroup and a total asymptotically strict pseudocontractive mapping in Hilbert spaces. Our main results improve and extend some recent results in the literature. MSC: 47H06; 47H09; 47J05; 47J25
Introduction
In this paper, we assume that H is a real Hilbert space with the inner product ·, · and the norm · . Let I denote the identity operator on H. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H  and H  , respectively. The split feasibility problem (SFP) is to find a point x ∈ C such that Ax ∈ Q, (.)
where A : H  → H  is a bounded linear operator. The SFP in finite-dimensional Hilbert spaces was first introduced by Censor and Elfving [] for modeling inverse problems which arise from phase retrievals and in medical image reconstruction [] . The SFP attracts the attention of many authors due to its application in signal processing. Various algorithms have been invented to solve it (see, for example, [-] and references therein). Note that the split feasibility problem (.) can be formulated as a fixed point equation by using the fact http://www.fixedpointtheoryandapplications.com/content/2014/1/131 ular algorithm that solves SFP (.) is due to Byrne's CQ algorithm [] which is found to be a gradient-projection method (GPM) in convex minimization. Subsequently, Byrne [] applied KM iteration to the CQ algorithm, and Zhao and Yang [] applied KM iteration to the perturbed CQ algorithm to solve the SFP. It is well known that the CQ algorithm and the KM algorithm for a split feasibility problem do not necessarily converge strongly in the infinite-dimensional Hilbert spaces. Now let us recall the definitions of some operators that will be used in this paper. Let T : H → H be a mapping. A point x ∈ H is said to be a fixed point of T provided that Tx = x, and denote by F(T) the fixed point set of T.
Definition . The mapping T : H → H is said to be (a) nonexpansive if
Tx -Ty ≤ x -y , ∀x, y ∈ H;
(b) strictly pseudocontractive if there exists a constant k ∈ [, ) such that
(c) (k, {μ n }, {ξ n }, φ)-total asymptotically strict pseudocontractive if there exists a constant k ∈ [, ) and sequences {μ n } ⊂ [, ∞), {ξ n } ⊂ [, ∞) with μ n →  and ξ n →  as n → ∞, and a continuous and strictly increasing function
One parameter family := {S(t) :  ≤ t < ∞} is said to be a (continuous) Lipschitzian semigroup on a real Hilbert space H if the following conditions are satisfied:
and asymptotically nonexpansive if lim sup t→∞ L t ≤ , respectively. Let F( ) denote the common fixed point set of the semigroup , i.e., F( ) := {x ∈ K : S(t)x = x, ∀t > }.
Let H be a real Hilbert space, := {S(t) :  ≤ t < ∞} be a continuous operator semigroup on H. Then is said to be uniformly asymptotically regular (in short, u.a.r.) on H if for all h ≥  and any bounded subset C of H, In this paper, we shall focus our attention on the following split common fixed point problem (SCFP):
where A : H  → H  is a bounded linear operator, {S(t) : t ≥ } is a uniformly asymptotically regular nonexpansive semigroup on H  and T is a uniformly L-Lipschitzian continuous and (k, {μ n }, {ξ n }, φ)-total asymptotically strict pseudocontractive mapping with nonempty fixed point sets C := t≥ F(S(t)) and Q := F(T), and denote the solution set of the two-operator SCFP by
Recall that t≥ F(S(t)) and F(T) are closed and convex subsets of H  and H  , respectively. If = ∅, we have that is a closed and convex subset of H  . The split common fixed point problem (SCFP) is a generalization of the split feasibility problem (SFP) and the convex feasibility problem (CFP) (see [, ] ). In order to solve (.), Censor and Segal [] proposed and proved, in finite-dimensional spaces, the convergence of the following algorithm:
where γ ∈ (,  λ ), with λ being the largest eigenvalue of the matrix A t A (A t stands for matrix transposition) and S and T are quasi-nonexpansive operators. In , Moudafi [] introduced the following relaxed algorithm:
where 
where f : 
Theorem . Let H  and H  be two real Hilbert spaces, A : H  → H  be a bounded linear operator and A
* : H  → H  be the adjoint of A. Let {S i } ∞ i= : H  → CB(H  ) be a
family of multi-valued quasi-nonexpansive mappings and for each i
Assume that for each p ∈ C, S i p = {p} for each i ≥ . Let {x n } be the sequence generated by
where {α i,n } ⊂ (, ) and γ >  satisfy the following conditions: We observe on Theorem . that: () Theorem . gives a weak convergence result for multiple-set split feasibility problem (.) for a family of multi-valued quasi-nonexpansive mappings and a total asymptotically pseudocontractive mapping in infinitely dimensional Hilbert spaces. In order to get strong convergence, Chang et al.
[] imposed a compactness-type condition (semi-compactness) on the mappings
This compactness condition appears strong as only few mappings are semi-compact. http://www.fixedpointtheoryandapplications.com/content/2014/1/131 () It is an interesting problem to extend the results of Theorem . to the nonexpansive semigroup case so that strong convergence is obtained. In order to obtain a strong convergence result in Theorem . without compactness-type condition for the nonexpansive semigroup case, a modification of (.) is necessary. This modification could be an implicit iterative scheme or an explicit iterative scheme. In the implicit iterative scheme, the computation of the next iteration x n+ involves solving a nonlinear equation at every step of the iteration, a task which may pose the same difficulty level as the initial problem. Therefore, in order to get a strong convergence result for the split common fixed point problem for a nonexpansive semigroup case and a total asymptotically pseudocontractive mapping in infinitely dimensional Hilbert spaces without compactness-type condition, a modification of (.), which is an explicit iterative scheme, is necessary. This leads to the following natural question.
Question Can we modify the iterative scheme (.) so that strong convergence is guaranteed for a split common fixed point problem involving a uniformly asymptotically regular nonexpansive semigroup and a total asymptotically pseudocontractive mapping in infinitely dimensional Hilbert spaces without any compactness-type condition assumed?
Our interest in this paper is to answer the above question. We thus modify the iterative scheme (.) and prove a strong convergence result for the split common fixed point problem for a uniformly asymptotically regular nonexpansive semigroup and a total asymptotically pseudocontractive mapping in infinitely dimensional Hilbert spaces without any further compactness-type condition assumed. Our results improve the corresponding results of Chang et 
Preliminaries
We first recall some definitions, notations and conclusions which will be needed in proving our main results.
• x n → x means that x n → x strongly; • x n x means that x n → x weakly. Next, we state the following well-known lemmas which will be used in the sequel. 
Lemma . Let H be a real Hilbert space. Then the following well-known results hold:
Let for all n > ,
Lemma . (Xu [] ) Let {a n } be a sequence of nonnegative real numbers satisfying the following relation:
where
Then a n →  as n → ∞.
Main results
For solving the split common fixed point problem (.), we assume that the following conditions are satisfied:
() H  and H  are two real Hilbert spaces, A : H  → H  is a bounded linear operator and
() {S(t) : t ≥ } is a uniformly asymptotically regular nonexpansive semigroup on H  ; () T : H  → H  is a uniformly L-Lipschitzian continuous and (k, {μ n }, {ξ n }, φ)-total asymptotically strict pseudocontractive mapping satisfying the following conditions:
(iv) C := t≥ F(S(t)) = ∅, Q := F(T) = ∅ and = ∅. In this section, we introduce the following algorithm and prove its strong convergence for solving split common fixed point problem (.).
Theorem . Let H
 , H  , A, A * , {S(t) : t ≥ }, T, C, Q, k, {μ n }, {ξ n }, φ
and L satisfy the above conditions (i)-(iv)
. Let {x n } be the sequence generated by x  ∈ H  ,
where t n → ∞ and {β n } ⊂ (, ) and γ >  satisfy the following conditions: 
Let x * ∈ . Then, by the convexity of ·  , we obtain
From (.) and Lemma .(i), we obtain that
and T is a total asymptotically strict pseudocontractive mapping, then we
Substituting (.) and (.) into (.), we have
Putting (.) and (.) into (.), we obtain
may assume without loss of generality that there exist constants k  ∈ (, ) and M  >  such that for all n ≥ ,
Thus, we obtain
By Lemma ., we have that
Therefore, {x n } is bounded. Furthermore, the sequences {y n } and {u n } are bounded. The rest of the proof will be divided into two parts. Case . Suppose that there exists
∞ n= converges and
From (.), we have that
This implies that
Hence, we obtain
Also, we observe that
Using (.) and Lemma .(iii) in (.), we have
This implies from (.) and condition (b) that
From condition (a) we have
Hence, for any t ≥ ,
S(t)y n -y n ≤ S(t)y n -S(t)S(t n )y n + S(t)S(t n
We obtain from (.) that
Since lim n→∞ y n -x n =  and lim n→∞ y n -S(t n )y n = , we have
Consequently,
Using the fact that T is uniformly L-Lipschitzian, we have
From (.) and (.), we obtain
Since {x n } is bounded, there exists {x n j } of {x n } such that x n j z ∈ H  . Using the fact that x n j z ∈ H  and y n -x n → , n → ∞, we have that y n j z ∈ H  . Similarly, u n j z ∈ H  since u n -x n → , n → ∞.
We next show that z ∈ t≥ F(S(t)) = C. Assume the contrary that z = S(t)z for some t ≥ . Then, by Opial's condition, we obtain from (.) that
This is a contradiction. Hence, z ∈ t≥ F(S(t)) = C. On the other hand, since A is a linear bounded operator, it follows from u n j z ∈ H  that Au n j Az ∈ H  . Hence, from (.), we have that
Since T is demiclosed at zero, we have that Az ∈ F(T) = Q. Hence z ∈ . http://www.fixedpointtheoryandapplications.com/content/2014/1/131
Next, we prove that {x n } converges strongly to z. From (.) and Lemma .(ii), we have
Case . Assume that { x n -x * } is not a monotonically decreasing sequence. Set n =
x n -x *  and let τ : N → N be a mapping for all n ≥ n  (for some n  large enough) by
Clearly, τ is a nondecreasing sequence such that τ (n) → ∞ as n → ∞ and
From (.), it is easy to see that
Furthermore, we can show that
By a similar argument as above in Case , we conclude immediately that x τ (n) , y τ (n) and u τ (n) weakly converge to z as τ (n) → ∞. At the same time, from (.), we note that for all n ≥ n  ,
which gives
Hence, we deduce that
Therefore,
Furthermore, for n ≥ n  , it is easy to see that τ (n) ≤ τ (n)+ if n = τ (n) (that is τ (n) < n) because j ≥ j+ for τ (n) +  ≤ j ≤ n. As a consequence, we obtain for all n ≥ n  ,
This shows that lim n =  and hence {x n } converges strongly to z. This completes the proof.
Based on Lemma . and Example ., we can deduce the following corollary from Theorem .. A strong mean convergence theorem for nonexpansive mappings was first established for odd mappings by Baillon [] and it was later generalized to that of nonlinear semigroups by Reich [] . It follows from the above proof that Theorem . is valid for nonexpansive mappings. Thus, we also have the following mean ergodic theorem for nonexpansive mappings in Hilbert spaces. 
Corollary . Let H

